Abstract. New fixed point results are presented for U κ c (X, X) maps in extension type spaces.
Introduction
In this paper we present new fixed point results in extension type spaces. In particular, we present results for compact upper semicontinuous U κ c (X, X) maps where X is almost ES dominating or more generally almost Schauder admissible dominating (these concepts will be defined in §2). The results in this paper improve those in the literature (see [3, 4, 5, 9, 11] and the references therein). A continuation theorem is also discussed when the maps are between topological vector spaces.
For the remainder of this section we present some definitions and known results which will be needed throughout this paper. Suppose X and Y are topological spaces. Given a class X of maps, X (X,Y ) denotes the set of maps F: X → 2 Y (nonempty subsets of Y ) belonging to X , and X c the set of finite compositions of maps in X . We let F (X ) = {Z: Fix F = / 0 for all F ∈ X (Z, Z)} ,
where Fix F denotes the set of fixed points of F. U will be the class of maps [11] with the following properties:
(i) U contains the class C of single valued continuous functions; (ii) each F ∈ U c is upper semicontinuous and compact valued; and (iii) B n ∈ F (U c ) for all n ∈ {1, 2, . . .}; here B n = {x ∈ R n : x ≤ 1}.
U κ c (X,Y ) will consist of all maps F: X → 2 Y such that for each F and each nonempty compact subset K of X there exists a map G ∈ U c (K,Y ) such that G(x) ⊆ F(x) for all x ∈ K.
Recall [9] that U κ c is closed under compositions. We also discuss special examples of U κ c maps. Let X and Y be subsets of Hausdorff topological vector spaces E 1 and E 2 respectively. We will consider maps F: (i) for each x ∈ X, the set p −1 (x) is acyclic; (ii) p is a proper map i.e. for every compact A ⊆ X we have that p −1 (A) is compact. It should be noted that φ upper semicontinuous is redundant in Definition 1.1. Notice the Kakutani maps, the acyclic maps, the O'Neill maps, the approximable maps and the maps admissible in the sense of Gorniewicz are examples of U κ c maps.
Fixed point theory
We begin with a result which extends results in the literature [3, 11] for U κ c maps. In this paper by a space we mean a Hausdorff topological space. Let Q be a class of topological
The following result was established in [4] . Theorem 2.1. Let X ∈ ES(compact) and F ∈ U κ c (X, X) a compact map. Then F has a fixed point.
We begin with topological vector spaces, so let E be a Hausdorff topological vector space and X ⊆ E. Let V be a neighborhood of the origin 0 in E. X is said to be ES V-dominated if there exists a space X V ∈ ES(compact) and two continuous functions
Any space that is dominated by a normed space (or more generally a complete metric topological space admissible in the sense of Klee) is almost ES dominated.
Theorem 2.2. Let X be a subset of a Hausdorff topological vector space E. Also assume X is almost ES dominated and that F
Proof. Let N be a fundamental system of neighborhoods of the origin 0 in E and V ∈ N . Let K = F(X). Now there exists x V ∈ ES(compact) and two continuous functions
Let us look at the map
is compact we may assume without loss of generality that there exists a x with x V → x. Also since x V − y V ∈ V we have y V → x. These together with the facts that F is closed and
Let Q be a class of topological spaces and let Y be a subset of a Hausdorff topological vector space. Y is a Klee approximate extension space for Q (written Y ∈ KAES(Q)) if for all neighborhoods V of 0, ∀X ∈ Q, ∀K ⊆ X closed in X, and any continuous function
Let E be a Hausdorff topological vector space and X ⊆ E. We say X is KAES admissible if for every compact subset K of X and every neighborhood V of 0 there exists a continuous function h V : K → X such that
The following result was established in [3] .
Theorem 2.3. Let X be a subset of a Hausdorff topological vector space E. Also assume X is KAES admissible and that F ∈ U κ c (X, X) is a upper semicontinuous compact map with closed values. Then F has a fixed point.
Let E be a Hausdorff topological vector space and X ⊆ E. Let V be a neighborhood of the origin 0 in E. X is said to be KAES V -dominated if there exists a KAES admissible space X V and two continuous functions r V :
X is said to be almost KAES dominated if X is KAES V -dominated for every neighborhood V of the origin 0 in E.
Essentially the same reasoning as in Theorem 2.2 (except here we use Theorem 2.3) yields the following result. Proof. Consider F the family of all closed, convex subsets C of X with x 0 ∈ C and F(x) ⊆ C for all x ∈ C and let C 0 = ∩ C∈F C. Now [2] guarantees that To take care of all the above maps (and even more general types) we define as follows. DEFINITION 2.1.
F ∈ GA(U,C) if F: U → K(C) is upper semicontinuous and satisfies condition (C).
We assume condition (C) as:
for any map F ∈ GA(U,C) and any continuous single-valued map µ: U → [0, 1] we have that µF satisfies condition (C). We assume the map F: U → K(C) satisfies one of the following conditions:
We say F ∈ GA i (U,C) if F ∈ GA(U,C) satisfies (Hi).
DEFINITION 2.3.
We say F ∈ GA i ∂U (U,C) if F ∈ GA i (U,C) with x / ∈ F(x) for x ∈ ∂U; here ∂U denotes the boundary of U in C.
The following result was established in [1] . Then F is essential in GA i ∂U (U,C).
Next we discuss Assumption (2.4). The results presented were motivated partly by [10] . To see (2.4) let θ ∈ GA 1 ∂U (U,C) with θ | ∂U = {0}. We must show that there exists x ∈ U with x ∈ θ (x). Let
It is easy to see that J: [10] if θ is approximable. Clearly J: C → K(C) is compact. Now Theorem 2.4 guarantees that there exists x ∈ C with x ∈ J(x). If x / ∈ U we have x ∈ J(x) = {0}, which is a contradiction since 0 ∈ U. Thus x ∈ U so x ∈ J(x) = θ (x). 
and so
Since θ ∈ GA 2 (U,C) we have that D ∩U is compact. In addition θ upper semicontinuous guarantees that θ (D ∩U) is compact, and this together with (2.6) implies that
is compact, so (2.1) holds. Theorem 2.5 guarantees that there exists x ∈ C with x ∈ J(x). As in Example 2.1 we have x ∈ U so x ∈ J(x) = θ (x).
Next we extend the results of this section to Hausdorff topological spaces. First we gather together some preliminaries. For a subset K of a topological space X, we denote by Cov X (K) the set of all coverings of K by open sets of X (usually we write Cov(K) = Cov X (K)). Given a map F: X → 2 X and α ∈ Cov(X), a point x ∈ X is said to be an α-fixed point of F if there exists a member U ∈ α such that x ∈ U and F(x) ∩U = / 0. Given two maps F, G: X → 2 Y and α ∈ Cov(Y ), F and G are said to be α-close if for any x ∈ X there exists U x ∈ α, y ∈ F(x) ∩U x and w ∈ G(x) ∩U x .
The following result can be found in [5] . [7] ). Note in Theorem 2.7 if F is compact valued then the assumption that X is regular can be removed. For convenience, in this paper we will apply Theorem 2.7 only when the space is uniform.
Let X be a Hausdorff topological space and let α ∈ Cov(X). X is said to be ES α-dominated if there exists a space X α ∈ ES(compact) and two continuous functions r α : X α → X, s α : X → X α such that r α s α : X → X and i: X → X are α-close. X is said to be almost ES dominated if X is ES α-dominated for each α ∈ Cov(X). Proof. Let K = F(X) and α ∈ Cov X (K). Now there exists X α ∈ ES(compact) and two continuous functions r α : X α → X, s α : X → X α such that r α s α and i are α-close. Notice
and note x α ∈ Fy α . Since r α s α and i are α-close there exists U α ∈ α with r α s α (x α ) ∈ U α and x α ∈ U α i.e. y α ∈ U α and x α ∈ U α . As a result y α ∈ U α and F(y α ) ∩U α = / 0 since x α ∈ F(y α ) and x α ∈ U α . Thus F has an α-fixed point. The result now follows from Theorem 2.7 (with Remark 2.1). Let X be a uniform space. Then X is Schauder admissible if for every compact subset K of X and every covering α ∈ Cov X (K), there exists a continuous function (called the Schauder projection) π α : K → X such that (i) π α and i: K ֒→ X are α-close; (ii) π α (K) is contained in a subset C ⊆ X with C ∈ AES(compact).
The following result was established in [9] . Let X be a Hausdorff topological space and let α ∈ Cov(X). X is said to be Schauder admissible α-dominated if there exists a Schauder admissible space X α and two continuous functions r α : X α → X, s α : X → X α such that r α s α : X → X and i: X → X are α-close. X is said to be almost Schauder admissible dominated if X is Schauder admissible α-dominated for each α ∈ Cov(X).
Essentially the same reasoning as in Theorem 2.8 (except here we use Theorem 2.9) yields the following result. 
